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Abstract. 

We prove a generalization of W.M. Schmidt's theorem related to the Diophantine approximations for a 
linear form of the type aixi + 022:2 + y with positive integers xi,X2- 



1 Introduction 



H 

^ ' Let 1 1^1 1 denotes the distance from real ^ to the nearest integer. Let r = ■ In |Tj W.M. Schmidt 
proved the follovv^ing result. 



^ Theorem 1. (W.M.Schmidt) Let real numbers a\^cti be linearly independent over Z together 



O 



with 1. Then there exists a sequence of integer two-dimensional vectors {xi{i), X2{i)) such that 

1. Xi{i),X2ii) > 0; 

2. I \aiXi{i) + a2X2{i)\ \ ■ (max{xi(i), X2{i)}y as i +00. 



^ A famous conjecture that the exponent r here may be replaced by 2 — e v\fith arbitrary positive 
O • ^ (see [H E]) is still unsolved. We would like to mention that there are various generalizations of 
j> ] W.M. Schmidt's theorem by P.Thurnheer |3l Y. Bugeaud and S. Kristensen [5] and some other 
IJp [ mathematicians. 

j_j ■ For a real 7 ^ 2 we define a function 



2r-2 



- 2 

One can see that (7(7) is a strictly decresaing function and 

g{2) = 2, lim g{j) = r. 

7— >+oo 

For positive F define 

C(F) = 2^^r^. 

In this paper we prove the following statement. 
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Theorem 2. Suppose that real numbers a\,a2 satisfy the following Diophantine condition. For 
some r G (0, 1) and 7^2 the inequality 

\\aimi + a2m2\\ ^ -, n nv; (1) 

(max||mi|, |m2||)^ 

holds for all integer vectors (mi, 7712) G \ {(0, 0)}. Then there exists an infinite sequence of integer 
two-dimensional vectors {xi{i) , X2{i)) such that 

1. Xi{i),X2{i) > 0; 

2. \\aixi{i) + a2X2{i)\ \ ■ (max{xi(i), X2(i)})^(^) ^ C(r) for alH. 

Of course the constant 2^^ in the definition of C(r) may be reduced. 

2 The best approximations 

Suppose that 1, ai, . . . , are hnearly independent over Z. For an integer point m = (mo, mi, m2) G 
we define 

C(m) = mo + mitti + m2a2. 

A point m = (mo,mi,m2) G Z^ \ {(0,0,0)} is defined to be a best approximation (in the sense of 
linear form) if 

C(m) = min||C(n)||, 

n 

where the minimum is taken over all the integer vectors n = {nQ,ni,n2) G Z^ such that 

< max \nA ^ max \mA. 

All the best approximations form a sequence of points rriy = (mo,jy, mi^i,, m2,i/) with increasing 

maxi^j^2 

Let us denote 



C = ((mi/); = max \mj. 



Then 

Ci > C2 > ■ ■ ■ > C > C+1 > • • • 

and 

Ml < M2 < ■ ■ ■ < < M^+i < ■ ■■ . 
It follows from the Minkowski convex body theorem that 

C.M'^+i ^ 1- (2) 

To prove the inequality (l2|) one should consider the parallelepiped G M'^ which consisit of all points 
{y,Xi,X2) G satisfying the inequalities 

\y + aiXi + 0:2X21 < Cu, 
max{|xi|, |x2|} < M^^i 

Then there is no non-zero integer points in fl^ and ([2]) follows. 
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3 A statement about consecutive best approximations 



Now we formulate a rather technical result. 



Theorem 3. Let 

mo,u-i mi^v-i m2,u-i 

mo,u mi^y m2^y 

mo^u+i mi^u+i rn2^u+i 

Then at least one of two satements below is valid. 



7^0. 



(3) 



(i) There exists an integer point {x^,X2) such that 

1. x?,x^>0; 

2. M^+2 < max{x?, x^} < 4M^+2; 

3. I laix? + 023^2! I ^ 16(max{x'j', X2})~^. 

(ii) There exists an integer point (x^jX^) such that 

1. x?,x^>0; 

2. max{x°,x°} ^ 240M^^^M~^; 

3. I laix? + 02x^11 ^ 24^M;^(max{x'j',x^})-^. 

It is a well-known fact (see for example P, [7]) that there exists infinitely many u such that ([3]) 
holds, provided that the numbers l,ai,a2 are linearly independent over Z. So Theorem 1 follows 
from Theorem 3 as — > +00, v — > +00. 

Here we would like to give few comments. Theorem 3 may be treated as a "local" statement which 
provides the existence of a small value of the linear form | \a\X\ + a2a^2| | relatively "close" to the best 
approximations satisfying ([3]). We shall give the proof of Theorem 3 in next two sections. The proof 
follows the original construction due to W.M.Schmidt [1], however it includes few modifications. 



Now we show that Theorem 3 implies Theorem 2. 

Suppose that the statement (i) holds for infinitely many v. Then as C(r) ^ 16, (7(7) ^ 2 we see 
that Theorem 2 follows from Theorem 3 obviously. 

So we may assume that the statement (ii) holds for infinitely many v. From the condition (P) of 
Theorem 2 and from the inequality ([2]) applied to the vector (mi,m2) = {jn\^v.,m2^v) we deduce that 

The last inequality together with the statement 2 of (ii) gives 

240"^^ X X (max{x?,X2})^^ ^ M^. 

Now we substitute the last inequality into the statement 3 of (ii) and obtain 

c(r) 

llaiXifz) + a2X2{i^\\ ^ -, 7 — -r\ tttv^t- 

" a;m^ (max{xi(i),X2(0})^(^) 

Theorem 2 is proved. 
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4 Lemmata 



Put 

From (ED it follows that > M^+i. 

Lemma 1. Let numbers l,ai,a2, be linearly independent over Z. Then there exists an integer 
point x° = {x1,X2) such that 

1. x1,x°>0; 

2. ma.x{x1,X2} ^ Ru', 

3. I \aix1 + a2a;2l I < Cu- 
Proof. 

Consider the papallelepiped Ql defined by the system of inequalities 




As M^^iR^(iy = 2, the measure of fl}, is equal to 8. Hence by the Minkowski convex body theorem 
there exists a non-zero integer point z° = x?, a;^) G fl fll. As it was mentioned in Section 2 
parallelepiped fl^ contains no non-zero integer points. So z G \ Hi. We see that for the integers 
x^,X2 the statements 1 -3 of Lemma 1 are true (the strict inequalities in 1 and 3 follow from the 
linear independence of 1, ai, ^2). 
Lemma is proved. 

Remark. As the inequality in the statement 3 of Lemma 1 is a strict one we deduce that 

max{xi,X2} ^ Mj^+i. 

Corollary 1. Let the following inequality be valid: 

c. > mi^.r'- (4) 

Then there exists an integer point x° = {x^^x^) such that 

1. x\,xl>Q- 

2. M^+i ^ max{a;?, x^] ^ AM^+i, 

3. I laia;^ + tt2a^2l I ^ 16(max{x'i', x^})"^. 

Proof. 

Apply Lemma 1. The numbers from Lemma 1 are positive. Inequality (I4|) and the remark 
after Lemma 1 lead to the statement 2 of Corollary 1. Now we apply the statement 3 of Lemma 1, 
the inequality (l2|) and the statement 2 of Corollary 1 to see that 



ix? + a2xl\ \ ^ C ^ ^C+i ^ 16(max{x?,x^})"l 



Corollary 1 is proved. 
Put 



A 



V 



120 ' 
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Corollary 2. Suppose that 



(5) 



Then there exists an integer point x° = (a;^,^;^) such that 
1. x?,x^>0; 



-1. 



Proof. 

Apply Lemma 1. The numbers from Lemma 1 are positive. The inequality ([5]) leads to the 



bound 



(as = r + 1). This argument in view of the statement 2 from Lemma 1 together with the Remark 
to Lemma 1 lead to the statement 2 of Corollary 2. Moreover, from (I5|) we see that 



Waix'i + asx^ll ■ (max{x^,x^})" ^ C.K = 2"Cr"^.7i ^ '^"K'" ^ 24^ M. ^ . 
Corollary 2 is proved. 

Lemma 2. Consider consecutive best approximation vectors mj, j = u — l,^,^ + 1 such that the 
inequality ^ holds. Suppose that the following two inequalities are valid: 



(6) 



Then there exists an integer point (x^,^^) such that 

1. x'j',x°>0; 

2. max{a;?,x^} ^ 20M^+i; 

3. I + a2x'^\ \ < AOM^+iM~^Cu- 



Proof. 

As 



mo,u-i rni^v-i "^2,z/-i 
mQ^y mi^^ m2^u 
mQ,u+i rrii^u+i rn2,u+i 



we see that 



1 ^ \xi^^X2m+i - a^2,j.a^i,i.+i|C-i + 2M^_iM^+iCi. + 2M^_iM^Cu+i- 
We apply (l6|) to see that 

Du := \Xi^uX2^y+l — X2^uXl^v+l\ ^ (2Ci,_i) 

From (l2l) with z/ replaced by z/ — 1 we have 
Consider two-dimensional integer vectors 

= {Xl 

and the lattice 



(7) 
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The fundamental two-dimensional volume of the lattice Ky is equal to D,,. 

Define to be the vector of the unit length orthogonal to the vector ^y. Consider the rectangle 
fi^ which consists of all points of the form 

x = 0ie. + ^2C l^il^l, \e2\^D,M;\ 

Then the measure of fi^ is ^ -iDy. As Vt^ is a convex 0-symmetric body we may apply the Minkowski 
convex body theorem. This theorem ensures that in Vtl there exists a point of A, independent on 
^y. Hence the rectangle (as well as any of its translations) covers a certain fundamental domain 
with respect to the lattice A. Note that the inequality ^ leads to the inequality 2DyM~^ ^ My. 
So we see that any circle of the radius 4Dj^M~^ covers a certain fundamental domain with respect 
to the lattice A. Particulary any circle of the radius ADyM~^ covers at least one point of the lattice 
A. We take a circle C of the radius 4Z}j^M~^ centered at the point {bDyM^^, ^DyM^^). Then the 
point x° = (xJjXg) G C n A has positive coordinates x\,X2 > 0. Moreover 

with integer X^, Xu+i- 
As 

\xi \ = |xi,^Ai + Xi,^+iA^+i| ^ 10DyM-\ = \x2,uXi + X2,u+iK+i\ < lOD^M-^ (8) 
and Mj = max{|xij|, |a;2j|}, we see that 

|A,| ^ 20M,+iM;\ |A,+i| ^ 20. 

So 

+ a^xlW < |A,|C + |A.+i|C+i ^ 20M,+iM-iC + 20^+1 ^ ^OM,+,M-\,. 

The statement 3 of Lemma 2 is proved. 

As Dy ^ 2MyM^+i we deduce from ^ that 

max{x?,x°} ^ 20M^+i. 

So the statement 2 of Lemma 2 is verified and Lemma 2 is proved. 

Remark. The contitions ([6]) are technical. Unfortunately we cannot avoid them as the in- 
equalites ([2]) with j = z/, z/ + 1 are not sufficient for the proof. 

Corollary 3. Let the inequality ^) he valid for v large enough. Suppose that 

c,<a,m;_^\ (9) 

In addition suppose that the second inequality from ^ is also satisfied. Then there exists an integer 
point (x'j'jX^) such that 

1. x?,x^>0; 

2. max{x'j',x^} ^ 20M^+i; 

3. \\aix1 + a2xl\ \ < 24^M;^(max{x'j', x^})"^. 
Proof. 

For u large enough the first inequality from ((61) follows from ([9]). Now Corollary 3 immediately 
follows from Lemma 2. 
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5 Proof of Theorem 3 



Suppose that Ci^+i ^ (8M^^_2) ^. Then we apply Corollary 1 (with v replaced by z/ + 1). The 
statement (i) of Theorem 3 follows. 

Suppose that C+i < {^^l^^Y^ ■ As ^ ^ M^_i and C+i ^ we see that the 

T 

second inequality from ([6]) is satisfied. In the case C^y ^ A^MJ^I we apply Corollary 2. In the case 

T 

^ AijM^^l we apply Corollary 3. So we establish statements 1, 3 from (ii). The statement 2 from 
(ii) also follows from the Corollaries 2,3 as Ml'l = M^!^^ ^ mI'\ 
Theoreem 3 is proved. 
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